A strict analytical solution of the problem of spin-noise signal formation in a volume medium with randomly moving spin carriers is presented. The treatment is performed in the model of light scattering in a medium with fluctuating inhomogeneity. Along with conventional single-beam, geometry, we consider the two-beam arrangement, with the scattering field of the auxiliary ("tilted") beam heterodyned on the photodetector illuminated by the main beam. It is shown that the spin noise signal detected in the two-beam arrangement is highly sensitive to motion (diffusion) of the spin carriers within the illuminated volume and thus can provide additional information about spin dynamics and spatial correlations of spin polarization in volume media. Our quantitative estimates show that, under real experimental conditions, spin diffusion may strongly suppress the spin-noise signal in the two-beam geometry. Mechanism of this suppression is similar to that of the time-offlight broadening with the critical distance determined by the period of spatial interference of the two beams rather than by the beam diameter.
INTRODUCTION
Spectroscopy of spin noise rapidly developing during the last decade has shown itself as an efficient method of research with a wide range of interesting informative abilities in the field of magneto-spin physics [1] [2] [3] . The spin noise spectroscopy (SNS) made it possible to study resonance magnetic susceptibility of nano-objects (quantum wells, quantum dots), hardly accessible for the ESR technique [4, 5] , to observe dynamics of nuclear magnetization [6, 7] , and to investigate certain nonlinear phenomena in such systems [8] . The fact that magnetization is detected, in the SNS, by optical means [9] , provides this method with additional informative channels.
Specifically, studying the spin-noise power dependence on the probe light wavelength makes it possible to identify the type of broadening (homogeneous/inhomogeneous) of optical transitions [10, 11] . Temporal modulation of the probe beam (e.g., shaping the ultrashort optical pulses) allows one to extend the range of the detected noise signals up to microwave frequencies [12] . The use of tightly focused probe beams provides oportunity of detecting the noise signals with a high spatial resolution and even to perform 3D-tomography of magnetic properties of materials [13] . The range of objects of the SNS is not restricted to solid-state systems. Nowadays, this method is widely applied to studying atomic gases [14] from which the history of the SNS has been started [15] .
Magnetic state of a material (magnetization), in the SNS, is monitored by polarization plane rotation of the probe beam transmitted through the sample. It is assumed, in these measurements, that the detected angle of the polarization plane rotation is proportional to total magnetization of the illuminated volume of the sample. This is considered to be valid even for spontaneous spatiotemporal stochastic fluctuations of the magnetization detected in the SNS This simple picture is commonly used to interpret experimental data on SNS. In a consistent analysis, however, polarimetric signal detected in the SNS should be regarded as a result of scattering of the probe light by the randomly gyrotropic medium [16] .
Such an analysis performed in [17] allowed us to justify arXiv:1709.07360v1 [physics.optics] 21 Sep 2017 the above simple picture and, besides, to propose a twobeam modification of the SNS that makes it possible to observe both temporal and spatial correlations in magnetization of the illuminated region of the medium. In [17] , we restricted our treatment to the case of thin samples (compared with the Rayleigh length of the probe beam), typical for experiments with solid-state samples. In this paper, we consider a more general case of a volume media with moving spin carriers (more typical for atomic vapors). In the first part of the paper, which is a continuation of publication [17] , we analyze formation of the SNS signals for the samples with the thickness exceeding Rayleigh length of the focused light beams. We show that the noise signal ceases to increase with the sample thickness when it substantially exceeds the Rayleigh length. For the case of two-beam arrangement, we derive an explicit expression for the spin-noise signal in the medium with spin diffusion. Our estimates show that atomic diffusion in gaseous systems may drastically suppress the noise signal created by the auxiliary beam and, thus, hinder its observation.
The paper is organized as follows. In Sect. 1, in the single-scattering approximation, we derive the expression for the noise polarimetric signal from the sample transilluminated by two coherent laser beams (referred to as main and auxiliary), with only one of them (the main) hitting the detector (Eq. (13)). In Sect. 2, we obtain relationships for the gyrotropy noise power spectrum detected in the SNS. We present calculations of these spectra for the samples of arbitrary thickness in the framework of the model of resting gyrotropic particles and of the diffusion model. We show that amplitude of the noise spectrum is getting independent of the sample thickness when the latter exceeds the Rayleigh length of the beam (Eq. (20)). In this Section we also describe the effect of time-of-flight broadening of the spectrum arising in the diffusion model and present a simple experimental illustration of the made conclusions using as a model object a thick cell with Cs atoms in a buffer-gas atmosphere. In Sect. 3, we present analysis of signals observed in the two-beam arrangement of SNS [17] . For the contribution to the noise spectrum associated with the auxiliary beam, we obtain expression that takes into account diffusion of the gyrotropic particles (Eq. (37)). Recommendations are given regarding the choice of the systems where the above signal can be observed. The results of the work are summarized in Conclusions.
I.
POLARIMETRIC SIGNAL FROM A RANDOMLY GYROTROPIC SAMPLE: THE
TWO-BEAM ARRANGEMENT
In this section, we present solution of a problem typical for the noise spectroscopy. Let us consider a weakly gyrotropic sample with spatial distribution of the gyration vector described by the function G(R), with |G(R)| 1.
The sample is probed with two Gaussian beams with a frequency ω (Fig. 1) , for which the sample is transparent. One of the beams (further referred to as main), after passing through the sample, hits the differential polarimetric detector comprised of a polarization beamsplitter (PBS) and two photodetectors PD1 and PD2. The total output signal is obtained as a difference of signals of the detectors PD1 and PD2. The second beam (further referred to as auxiliary) also passes through the sample, but does not hit the detector. Electric fields of the main and auxiliary beams will be denoted, respectively, as E 0 (R) and E t 0 (R). We assume that the detector is initially bal-anced , i.e. polarization of the main beam is chose so that, in the absence of the sample (at G(R) ≡ 0), the output signal of the detector is zero. Our task is to find the gyrotropy-related increment of the output signal δU (in what follows -just signal) in the first order of gyrotropy G(R). A similar problem for thin (compared with the Rayleigh length) samples was considered in [17] .
Below, we present solution of this problem for samples of arbitrary length.
The signal δU arises due to the fact that at G ( In what follows, we will use complex electromagnetic fields with time dependence in the form e −ıωt assigning physical sense to their real parts (which will be denoted by calligraphic letters). The calculations will be performed in the coordinate system with its x-and yaxes aligned along principal directions of the polarization beamsplitter and z-axis collinear with the main beam.
The coordinate origin is located in the region of the sample, with its characteristic size l s being much smaller than the distance from the photodetector L: l s L (Fig. 1 ).
For the signal δU , we are interested in, we will use the following expression [17] :
Here, the integration over x and y, for products of components of the complex field of scattering E 1 (x, y, L) and real part of the field of the main beam E(x, y, L) ≡ Re
, is performed over the effective photosensitive surface of the detector 2l x × 2l y located at a distance L from the sample along the main beam propagation direction ( Fig. 1) . The integration over t corresponds to averaging over the period of optical oscillations.
Below, we, following [17] , will calculate the field of scattering produced by the auxiliary beam (we will denote it, as before, by E 1 (R)) and the related polarimetric signal denoted by δU t . As shown in [17] , this field satisfies the inhomogeneous Helmholtz equation
Here, k ≡ ω/c (c is the speed of light), α(r) is the polarizability tensor of the gyrotropic medium (connected with the gyration vector as α ik (r) = ıε ikj G j (r) where ε ijk -unit antisymmetric tensor), and P t (r) is the sample polarization induced by the field E and has the following form
For further calculations, it is convenient to introduce the vector function Φ(R) with the components defined by the expression [18] 
where r = (x, y, z), i = x, y and auxiliary functions
Using Eqs. (1), (3) and (4), we can obtain the following equation for the contribution δU t into the output signal associated with the auxiliary beam
By substituting Φ(R) into this equation in the form of Eq. (5) and taking into account that P t (R) ∼ e −ıωt , we can ensure that, after integration over time, only terms containing Φ − x,y (R) survive in Eq. (6):
The factor e ıωt eliminates time dependence of the field P t (R). Let us write out explicit expressions for the fields of the main E 0 (r) and auxiliary E t 0 (r) Gaussian beams [17] 
where
Here, W and W t are intensities of the main and auxil- and, as in [17] , we assume that Θ < 1. The parameters δr and φ t describe, respectively, the spatial and phase shifts of the auxiliary beam with respect to the main one. In Eqs. (8), (9), we introduced time-independent amplitudes of the fields of the main and auxiliary beams A 0 (r) and A t 0 (r). Using Eq. (2) to express polarization P t (R) through the field of the auxiliary beam (9), we obtain, with the aid of (7), the expression for the detected signal:
Now, we use the result of [19] showing that the function Φ − i (R) can be expressed through the main beam ampli-tude A 0 (R) as follows (see remark [18] )
By substituting Eq. (12) into Eq. (11) and taking into account that, in the considered case of gyrotropic sample, the polarizability tensor has the form α ij = ıε ijk G k (R) (ε ijk is the unit antisymmetric tensor), we obtain the following final expression for the polarimetric signal δU t from the gyrotropic sample illuminated by the main and auxiliary light beams:
Equation (13) 
Here, ρ c = 2/Q, λ ≡ 2π/k is the light wavelength, and z c ≡ πρ 2 c /λ is the Rayleigh length (half-length of quasi-cylindrical region of the Gaussian beam). As was already noted, polarimetric signal in the single-beam arrangement (denote it u 1 ) can be calculated using Eq. (8) and (14), we have
Since gyrotropy of the sample is connected with its magnetization, temporal fluctuations of the latter give rise to fluctuations of the gyrotropy:
In a typical experiment on spin noise spectroscopy, one observes the noise power spectrum of the gyrotropy N (ν), which is determined by Fourier transform of correlation function of the polarimetric signal N (ν) = dt u 1 (t)u 1 (0) e ıνt . Using Eq. (15), we obtain, for the gyrotropy noise power spectrum, the expression to be created by ensembles of gyrotropic particles (e.g., paramagnetic atoms) and is described by the expression
where g i (t)δ(R − r i (t)) is the contribution of i-th particle to the total gyrotropy of the sample and r i (t) is the coordinate of the i-th particle that may be timedependent. The function g i (t) can be considered proportional to magnetic moment of the i-th particle, with the propotionalityu factor being, generally, dependent on the frequency ω of the light beam.
A. The model of resting paramagnetic particles.
We start our treatment with the simplest model that implies that the sample consists of N identical particles at rest, randomly distributed over the volume V with the density σ [20]. In this case, the gyrotropy is given by Eq.
(17) with time-independent coordinates of the particles r i (t) → r i . The second assumption of this simple model is that the functions g i (t) are supposed to be random independent quantities, so that g i (t)g k (t ) = δ ik g(t − t )g(0) . Here, the function g(t − t )g(0) is the same for all particles. Under these assumptions, for the correlator entering Eq. (16), we can obtain the following expression (14)), the main contribution to the signal is made by the region of the sample in the vicinity of the beam waist, where |z| < z c .
This makes it possible to use the SNS method for tomography [13] , with the spatial resolution in the longitudinal direction, as expected, being determined by the Rayleigh length z c of the probe beam.
Let us denote the bounds of the sample, along the light beam (i.e., along the z-axis) by z 1 and z 2 . Then, using Eq. (14) for the beam radius ρ(z) and integrating over z in Eq. ( (18)), we obtain:
It follows from Eq. ( (19)) that with increasing thickness of the sample (z 1 → −∞ and z 2 → ∞) the noise signal is saturated approaching the limiting value
The last expression corresponds to the correlator Quantitative analysis and experimental study of the diffusion effects in SNS of gaseous systems has been recently presented in [23] . In this section, with the aid of relationships obtained above, we will reproduce the main results of [23] treating the spin-noise signal as a result of scattering of a Gaussian probe beam. In addition, the notions introduced in this section will be used below to calculate the signal in the two-beam arrangement, when intuitive considerations about signal formation are not so self-evident as in conventional single-beam geometries.
If one considers a semiconductor system with a relatively low electron density in the conduction band or a gaseous system with diffusion motion of gyrotropic atoms occurring in a dense medium of nongyrotropic buffer gas, then contribution of each particle to gyrotropy of the sample can be considered as independent of other particles. In this case, for the correlation function of gyrotropy, entering Eq. (16) for the noise power spectrum, we can write the chain of equalities:
where r(t) ≡ r 1 (t) − r 1 (0) -is the vector of diffusion displacement of the particle from the starting point r 1 (0).
Here, we assume that fluctuations of gyrotropy for each particle are independent of its diffusion motion [24] and suppose, as before, that
Thus, the problem is reduced to studying diffusion motion of any single particle (e.g., the first one). The coordinate r 1 (0) of this particle at t = 0 may acquire, with equal probability, any value within the volume V .
Therefore, averaging of the last δ-function over r 1 yields the factor 1/V . In virtue of statistical uniformity of the sample, the distribution function P (r, t) of the vector of diffusion displacement r(t) ≡ r 1 (t) − r 1 (0) of the chosen particle does not depend on the starting point r 1 (0) and is defined by the diffusion equation with the initial condition P (r, 0) = δ(r):
where D is the diffusion coefficient, r = (x, y, z) and
Thus, the chain of equalities (21) can be continued as follows:
here σ = N/V is the density of the particles. Standard solution of the problem (22) leads to the following expression for the distribution function P (r, t):
Substituting this function into (23), we obtain, for the gyrotropy correlator in the presence of diffusion, the final expression:
Here, we took into account parity of the correlation function. By substituting this expression into Eq. (16) for the noise power spectrum we obtain
Here, R = (x, y, z) and R = (x , y , z ). The integrals over x, y, x , y are reduced to Gaussian by appropriate rotations of the coordinate system in the planes xy and xy , that eliminate in the exponent the terms ∼ xy and ∼ xy. By calculating these Gaussian integrals, we come to the following expression for the noise power spectrum:
that transforms to Eq. (18) at D → 0. Equation (27) can be simplified assuming that the diffusion length for the characteristic decay time of the correlator g(t)g (0) is smaller than the Rayleigh length.
In the situation typical for the SNS, when the correlator g(t)g(0) decreases exponentially, g(t)g(0) =
, the above condition can be written in the form: √ DT 2 z c (see Eq. (14)). In this case, we may put, in Eq. (27), ρ(z) ≈ ρ(z ), perform integration over z , and obtain the following simplified expression for the noise power spectrum:
where ρ(z) is defined by Eq. (14) . It is seen from this relationship that, in the region of the sample where
(provided that such a region exists), time dependence of the integrand deviates from ∼ g(t)g (0) that is usually exponential. As a result, the shape of the noise power spectrum is deviated from Lorentzian, and the noise spectrum reveals the so-called time-of-flight broadening [22] . If the beam is so broad that ρ c > √ DT 2 , then this effect proves to be suppressed and can be neglected. Estimates show that conditions of applicability of Eq. (28) often come true in practice. Using Eq. (14) for the function ρ(z), the integration over z in Eq. (28) can be performed analytically. Let us present the result for the case when the sample length is much larger than both the Rayleigh length and the diffusion length √ DT 2 for the time T 2 :
at 2 DT 2 z c and l s z c
As seen from Eq. (29), when the diffusion drift √ DT 2 for the time T 2 is smaller than the beam radius ρ c , the effects of diffusion can be neglected. Otherwise, the noise spectrum exhibits the time-of-flight broadening.
III. THE TWO-BEAM NOISE SPECTROSCOPY
Above, we presented calculations of the noise signals detected in the single-beam arrangement, traditional for the SNS. Consider now the case when the beam that induces scattering and the beam that plays the role of local oscillator are different A 0 (R) = A t 0 (R) [17] (Fig.1 ). We will assume that waists of these two beams intersect in the region of the studied gyrotropic sample and will analyze the problem under the following simplifying assumptions:
(i) Both beams propagate in the direction close to the z-axis, the angle Θ between the beams is small enough to make possible low-power approximations of its trigonometric functions, and main components of electric fields of the beams lie in the xy plane.
(ii) The angle Θ is large enough not to make length of the beam overlap larger than the Rayleigh length.
Appropriate quantitative conditions will be presented below. Let us choose the coordinate system so that both the beams (the main and auxiliary) lie in the plane yz.
(i.e., the beams are rotated with respect to each other around the x-axis). Bearing in mind the first of the above assumptions, polarizations of the main and auxiliary beams are specified by the following two-dimensional (in the plane xy) Jones vectors:
Using the second of the above assumptions, we can neglect, in Eqs. (8) and (9), the terms Q 2 z and Q 2 Z as compared with 2k. After that, with the aid of Eq. (13), we obtain, for the polarimetric signal produced by the auxiliary beam (below referred to as u t 1 (t)), the following expression (δU t → u t 1 (t)):
When deriving this formula, we took into account smallness of the angle Θ (see transformations (10)). Exponential of the quadratic form of the coordinates, in this formula, is essentially nonzero in the region ∼ ρ c × ρ c (in the plane xy) over the length ∼ ρ c /Θ (along the z-axis)
. Therefore, the second of the above assumptions can be expressed by the inequality ρ c /Θ < πρ 2 c /λ. Keeping it in mind, we come to conclusion that the above assumptions impose the following restrictions upon the angle Θ between the beams:
Typically, ρ c ∼ 30 µm at λ ≈ 1µm. Therefore, for validity of the calculations carried out in this Section, the angle Θ should meet the inequality 10 −2 < Θ < 1, that can be easily satisfied in practice.
When calculating the noise power spectrum detected in the two-beam arrangement, one has to take into account that the total polarimetric signal δU (t), in this case, is the sum: δU (t) = u 1 (t) + u t 1 (t), u 1 (t) and u t 1 (t) given by Eqs. ( (15) and (31)), respectively. Hence, the formula for the noise power spectrum N (ν) = e ıνt δU (0)δU (t) dt will contain four contributions:
If no special measures are taken to stabilize relative phase φ t of the main and auxiliary beams, then it is natural to perform averaging over this phase, which will be below implied. As a result of this averaging, the cross- 
If the sample gyrotropy represents a random field statistically stationary in space and in time, then its correlation function depends only on difference between its spatiotemporal arguments and can be represented in the
we obtain for the correlator u t 1 (t)u t 1 (0) the following relation:
Here, the averaging over the relative phase of the beams φ t is performed. (34), in fact, shrink the integration region to the region of overlap between the main and auxiliary beams. The volume of this region V o can be evaluated in the following way:
For this reason, in Eq. (34), we may restrict the region of integration over d 3 R and d 3 R with the volume V o and set the exponential factors to be equal to unity. After that, the integrand will appear to be dependent on the difference R − R . Now, let us pass to new variables r ≡ R − R and g ≡ R + R . The integral over g will give the volume of integration V o , and for the correlator (34) we can write the following approximate formula
is the difference wave vector of the main and tilted beams, 
As seen from this formula, diffusion leads to broadening of the noise spectrum and reduction of its amplitude, 
where the vector-column h and the matrix M are defined by the relations: 
